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A special class of varieties constructed from combinatorics

A rich class of varieties can Chorderite may geometric

Properties purely in terms of

combinatorics

E i naasTg

complete

Goal Construct an example of a proper variety
that is not projective

All varieties are over

Sep Schemes of finite tyre our E
integral

9 A variety X is Kamrate Prorer it or
any other

variety Y the projection X Y t is closed

I



scheme
Ease Any projective variety is proper not easy

HI is not proper

Al IA A A

x Lxyt in AZ is

1 closed but mops to A so

which is open

2 A proper variety X is projectiwu it it

has an ample line bundle equiv to embedding X P

we will later construct Eevonkey which is proper

but admits no cuple line bundle



TenicGamrhy

Ded

An n dimensional algebraic tonus is Gmn

where Gm is the multiplichin group with normal

multiplication 1 e Gtm x Ek x E
n times

Deb im1

A tonic variety is an irreducible variety X

with a Zorisni dense torus Gim c X

such that the action Gtm x Gli Gim

extends to an action GII x X o X

EI the Spec act is tonic Q embedded via

Qft E aft Action CILIA 1A

tix TX

Definition G
can

An affine toric variety X is a variety cut out

by a Prime ideal I generated by binomial

equations Eq's at the tem Xi Xin Xi Xjr



Ex X
h

xy Ew ol c A is tonic

The dense torus is grim by x y Z

fer x y z o E X
x us27 x y Z Ff

Definitionkcnstowch.cn

Let M 21h N Hame Mik M

M.pt U61R Np N61R

A strongly convex rational polyhedral cone 0C MR
Comox

is a cane 0 with apex at the origin Such
that

rational it is generated by timitely may vectors

strong it contains no line through the origin

Deline the dual one 0 cm z N p by

0 new ten m ncm 70 ter all me 0

So In N is the semigroup of lattice paints under
addition



Gordans Lenna So is finitely generated

Consequence The algebra So is a finitely

generated Q algebra

Notation we denote elements of Cfo by

Xm where meso ter mine So

we set Xmxn Xm KE l

Uoisrec ICE so is the affine tonic variety

corresponding to 0

For Teo a face we get a map

Uy Uo which embeds Vg as a

distinguished open set of Vo

Det
A fan Bc He is a collection of cones such

that ay two cores meets in a common tea which



is in the ten Each cone 0 in D gives a

tonic variety Vo For two cones 0 Oz

D OT n we hour

Ucr Voz
r e
Us

we can glue along UT

The resulting variety X is the toric variety

corresponding to A

Ee
y 7 So D o CIR qen.by Y

Sree also A

2 _Q give these s X P
y 9 LeftEct sectE's
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I
9 i

ai

e ez 02 Each of these is an 1A

One checks that the gluing gives

Xs P

Moral The geometry of X is dictated by A

Facts
Ded A core O c Mah is said to be

1 Smooth it its minimal generators can be extended to

a 21 basis ter Ah

2 Simplicial is its minimal generators are linearly

independent in Muz



It
smooth wet simplicial
Simplicial

Det A fan S is said to be

7 Smash it all cones are smooth

2 Simplicial it all cores are simplicial

3 complete it Uo MR
JED

Not canine

Facts
1 X is smooth A smash

2 X has finite quotientsings a simplicial

3 X Proper D complete



a P Careete But also pro

Divisors
2ecalli

A wed divisor is a formal sum

D Ai Di II la
i c I

where Aee I e the Di che

closed integral Subschemes of pure codim 4
Prime divisor

Any rational function 1
C KK induces a

Principal divisor diu t valn.SN D
D CX

sum our all prime divisors

D Z D 2 linearly equiv is De De dir S

Ceci Weil divisorshineereciew



A Cartier divisor on X is a closed Subschemep
Such that ter ay attire SnecA c X

Dn Snee A Snee Alf for a non zero divisor

f C A

Fact Uo

It Sree EM is an affine tonic variety

them any T invariant Cartier divisor D B

is of the hun minimal generatorKrs

div Xmo CmoUf De

D

Note Cmo Us as



Remain on a tonic variety X some divisors

ore invariant under the action of the

terms

T inraiqtdiu.ws y
Orbit closures yunder T adieu

ee 2 Action Jx P2EI T I e G µ Ex y Efts Axing.az

Erez

Orbits o xto.y.to Zeo I

0.9 97 0 7 0 Z

x to y 0 Zeo y O

c X o yeo 2 to X O

a X y O 2 to o O I

ox _Z o geo o I O

XIO 7 yeo I O O

Codim Y orbits f c rays of the ferry

we write to
any Weil div an Xs

D ago ter f rays of D



Def
A piecewise linear function on a ton S es

a continuous function a IR that is

linear an each OED and Islam CR

It is and it Celtut l th 3tQw7 I E Cllr
F U C IDI e EE Oil

Exe
Let D asDs be a Cartier divisor An

Snee CM
open tonic attires Uo we have

Dlu divcx mol.hr some

Moe M with Cmo Us Ap

The support function Qp IDI IR et D

is

QD IDI SIR

U Mcr U when UEO

Vote D E plug De
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Que De a

Prop

Let b beaten with 111 convex

and dim 1 Glen dim MIR

4 A T invariant weed divisor if it is given by
a piecewise linear function as abone

It D is T cashier with support functia QD

2 D is basept free Qp is convex

3 D is ample Cep strictly convex

Definition Qp Vtv Clown Qplv
for all U.ve E1
not in the same care of E



Maintenance
Tane the tan of PIP'sIP in IRS spanned by Ie Ie Ies

Tother subdivide The IR o partof this ten by adding rays

a 2,1 17 b 1,2 1.112 D I l l

Es

i
EaE

C e

Mone ca care insy filling in was in the

wainscot
e

can
7s smooth

Pic Xa Z

a

e ee

Claim No apu devises In



Suppose D f Ag Dg is agree and let Clo be

the corresponding PLF
In particular Aigle Ae

Qlp
z7EAez.Qes Ae

By replacing D with De dirCXCae AesaGes

we can assure Qp ee O i 42,3

Note E b 2,2 1 ez ta e e b are

not in the same care so by Strict convexity

Cloce b Qocent Qp b E ADCb

Ez a cone in the same care so

Qp a Apc ez 1 Qila Qpceze

Qp e tb

Uplb

So Qpca Uplb

Continue to get Qpla Uplb Gok Qpla

me contradiction


