


DEGENERATIONS & STABLE RATIONALITY
.

F

• Birational invariants and examples .

• Grothendieck ring of varieties and the motivic volume-

• Strictly toroidal models and degenerationS

• Degenerations of toric varieties .



DEI smooth projective varieties X e Y over F are stably birational

over F it In ,
m e a birational map Xx III - - Y× LPI .

X is stably rational it it is stably birational to Spect

Problems : Determine it a variety X is stably rational .

Attempt: Find a non -trivial stably birational invariant .

Let X be a smooth projective variety ke .

① Differential terms Ho (x
,
#
"

) K> o .

② The fundamental group IT, (X )

→ Trivial fr rationally connected varieties (E.g Keno varieties)

③ H{X.2)torsion (can distinguish between Unirational and rational)

• Purely topological !

• Can relate it to Br (x ), Soo also abit algebraic .

T
The usual trick to

find non - trivial classes .



④ Decomposition of the diagonal . ( condition in the Chow group )

① This invariant specializes :

- If I→ R -- KEITH is a smooth scheme over R

) ) ④ (Hate smooth fibers) e the generic fiber Ek
✓

has a decomposition of the diagonal , then the

# special fiber X. also have one.

Sneck sneck

pieced
6¥ : Complement of Zariski closed (eotuiv . Zariski gen )

Vez ! Complement or countably many Zcrisni closed .

(eotuiu . Countable intersection of zarisni opens)

(HPI ) family *→ C where 7C & C complex manifolds , connected .

fibers Xt one complex projects've tartedds
.

• Very general fiber stably irrational .

• Dense (eodediar) set Ucc St Xt rational for

all TEU .

W) Not possibly to get rid of very general .



Example

⑦ Hynes surfaces Xdc Rn Ot degree d has canonical bundle

Wx;@C- n - ltd ) . Stably irrational ter d>ntl .

(in fact not even rationally connected )

2② what about tano varieties ( WI! ample , ie den above) .
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Grothendieck ring e motivic volume
men

DE The grothendieck ring of ves over a field F is denoted Ko(Vare )

and generated by isomorphism classes of finite tyre F- schemes modulo

relations

[× , Ef -- [x] - IES

ter ZCX closed subscheme . Denote by K -- [Http ] the class of IA!

Ring structure : LX] - (x] -- (xx, y] .

Remarks This ring is complicated . If F is algebraically
closed then there are

always O- divisors in the ring !

Example X finite type F-scheme .
Yc X closed subscheme

.
Then consider Bly X .

BlyX - E = X.y so [Bly X - E] -

- IX. y] hence

134×7=1×7 -HICE]
.

Example IP! P
"

= At
. so

[Pn] -

- IP
") t II = II +In

-

I
. . . + key (I --Great] )



DEI Let Z(SBF] be the free abelian group on stable birational

equivalence classes . Ring structure [X]sz - EY]sb= (Xx,=Y]s. .

Remake The above ring have no relations ! ! (x) [Y]sb it and only it

X is stably birational to Y .

lkeyt-hewem-karsen.hn#

Assume char F-- o . Then there is a unique ring map

Sb : Kol Vore )- TLLSBF ]

Such that for smooth and proper F- schemes X we had

Sbclx] ) = (X]sb

Sb is surjective with kernel generated by It .

Cording Ko(Vore )# = ZICSBF]
.

E# Smooth and proper is important !

• I =#Y - (specF] so Sb(K ) =Sb( IP
'

) - Sb (Sree F ) = O

• Xcp
?

elliptic curve . CXC IPS cone over X Blew up the vertex p .

(then the exceptional divisor is the curve X )
.



⇒ [ Bep CX) - IE ) -

- [Cx] - lsnec FI
T T
All these stably birational to X .

⇒
Sb (Cx) = (Snee F)sgt (CX) since Cx is stably bir to X .

Models and degeneration-

Let R -
- Kat])

,
K -

-
Kat ) ) K -- I

my
Algebraic closure of KCLt))

.

RCXK Kat"D Kool -- kkt
"

'll
.

Note An R - scheme X→R have two fibers
.

E¥er : Xk ,
a scheme over K

specialist ! Xk ,
a scheme over K

.

| ¥. µG⇒ : Relate rationality or Xk to Ken

#R
K

K



DEI A monoid M is a toric monoid
-

it it is the

monoid of lattice points of a strictly convex rational Poyhedrae cone .

1.e
. Spec KLM] is a toric variety . a

→

¥÷÷n.

PEI An Rca - scheme 7C is strictly toroidal-
-

it

Zcrisni locally on 7C there are smooth morphisms

1263114 ]
x.- spec

) )
where 9- C- Oh

,
MEM

,
M is a toric monoid , and

spec BHAI is reduced
.

*m )

Intuition Think of 7C as a scheme where the Special
-

fiber
"
loons

"

line a toric banding . We allow

singularities but they should be
"

close
"

to toric

Singularities.



Examples
-

⑨ ZE a regular R - scheme with smooth

special fiber
.
Then

* XxRRCx) is strictly toroidal .

② SE a regular R- scheme with strict normal

crossing ,
then 7C xrRCA is strictly toroidal .

(Usually called strictly semi- stable )
.

Snee

X c42Cx
,
y] defined by t - xy .

Generic fiber is a smooth conic and the Special

fiber is the union of two lines

O x::
*-• R

K

K
model

DEI For a strictly toroidalwith special fiber Jfk , a
. Stratum of Xk is a connected component of an intersection

of irreducible components in FCK
.

Let SEE) denote

the set of strata .



theorem(Nicaise -Shindo )

There is a unique ring map

Vol : Koharu , )-s ko (Van)

such that ter
every strictly

toroidal model X we

have

Vol ( Ikea) = [ figodim ELE] .
EESCst )

Moreover we had an induced map

ZCSB.mx,] 21GB .]

Such that vobbcx.am/--EC-iFdimECEIsrEERIE)

Ko(Varkey, ) Koharu)

↳b G
Sb

21GBacres] >
2/1/13

.]



Corollary : Vols, ( (speckled)) -

- ⑤neck]sy
Sb

=) It FC is strictly toroidal and

⇐§¥9dimECEIsb t Greek}

then FCK is not stably rational .

Example { f --o} a quartic surface in IP? Let 9- iftz be

very general Quadric polynomials . The

FC -

- Ltt -19,9-2=0 } c BRI, is strictly toroidal .

Xk -- {9,9-2--0} the union of two quadric

surfaces Q ,
& Q2

.

Q
,
n Q2 is an elliptic

curve . We get :

Volsbtxkcx , ) = (QBs + Wsb - [QznQ
, ],

=2(Speck]sz[QznQBsb

this is Greek] iff QznQ , Stably rational . Not possible



So a very general quartic sorted is stably irrational -

A handy result S Noetherian Q - scheme
- X-is smooth

-

and proper
.
Then the set of SES

St

X xss stably rational Kr 5 geometric
Point over se S

is a countable onion of closed Sets
.

Exaria : Ltt -19,92=0} = Xc Atx IP? All fibers are

smooth except to . So X- Xo → A
'

- o

is smooth and Proper . Above we saw that

Irene ) was stably irrational . This is a geometric

fiber over the generic point so we had

a non - stably rational fiber .

=3 Very general fiber is not stably rational .

⇒ This implies the existence of stably irrational

fiber over the field Kato

Can be applied to parameter spaces !



Exude : Xd CP
"

a smooth hypersurface of degree d .

It Xd is stably irrational then a very general hyrerswtar

Of degree d is stably irrational .

Tane parameter space IP
"

fer degree d hypersurfaces .

Let U be the smooth lows
.

Let Y→ U be the

universal family . Thu Y-s U is smooth , proper, and fer

some * c- U the fiber is Xd which is St . irrational .

=) Very general fiber
is stably irrational

⇒ very general hypersurface od degree d is stably irrational

WHAT HAVE WE DONE ?
-

C a parameter space of varsha .

Wait to show that very general

members Cre stably irrational .

* Construct a Strictly toroidal model X s
. t

1) Xk smooth K- scheme ot tyre E

2) Xie satisfies ¥YdimE[ E3, ⇒ lsrecktsb

Theorem ⇒ Xk Stably irrational over K .

Corollary ⇒ Get smooth stably irrational schemes in
E ones k .



Note : Using this one reduces the question of rationality to known

examples . One cannot construct explicit examples .

\

TORIC DEGENERATIONS
-

DcZ
"

lattice polytope of dim n .

To any such we get
a projective variety B. ED ) with an ample line bundle LCD ) .

Exude
• • • •

•-• →
Lattice points in the cone defines a

o y a • ⑨

monoid M generated by
co ,D• •

( 1,11

•

(oil ) , (0,0) , ( 1,0 ) .

(0,0 )

KCM] = K[Xl
" "

,
Xl"" ] with multiplication X

'm ' r '? Xlm" "! rxlmitmz , rith
)

(m ,
r )

and deg X -
- r

.



Paco ) -

-

Pro's KEM] =P
'

. LCD) -- 0¥13

Except
coil 40.1)

@

:* ..

- ÷÷÷÷÷¥:" ÷:S. insane
cop ,)

-
s generated by (0,0 , D , 10,1 , I )

Tco ,
'll ) and (1,0 , l) ,

' " O)
→ Finitely generated K -algebra

KEM]=k[x'
""Yx
" ' " ?×""" ]

with multiplication Xm . Xm
'

.

. xmtm
'

and degxls
't

'
'! r

.

s2

Pfs ) :-. Pro,(KEMI)
' "

,

LCD ) = D
.

Example Lord)

scaling to !:....↳µ
,

gives B
'

with LID ) -- Old ) .

(0,0)



Excuse÷i÷÷÷"¥÷÷÷÷¥÷
cop ," @ •

( i , o , D
•

(o
,
0,07

Monoid M generated by (o.o , o) (1,0 , l ) (Oil , I ) (0,0 , l )

and ( l
,
I
, 11 .

→ HMI -- klx
""? x
"" ' ? x
" " ! x' " "

"

]
=
K[x.Diz ,WY(yz - xw) - P'xp

'

→ p?

B. (D ) - IP :P
'

LCD 7=64,1 )
.

DEGENERATING THE TORK VARIETIES
-

Dc Z
"

tattie Polytope . A polyhedral Sobin oh ⑤

is a set Pot subpolytopes of D St

⑦ x , BEP ⇒ in BED

•P is integral it AEP are all lattice polytopes .

• P is regular
-

is there is a piecewise linear function D -s IR

sit the affine domains is the faces at P
.



Excuse

valid
. ¥70 Not valid

.

a o

/ Not valid .
@ a

* Let X denote the zero lows or a very general
section SEHOCLCD ) )

.

Any integral regular polyhedral subdivision

of the lattice polytope D induces a

degeneration of X .

Except

pigs
a bidegree Chl ) hypersurface in

a co -
a

IP! P
'

-s p
?

u
R2 meeting in P

'

I → H! H! meeting in a Point
.

If COIN TALK TODAY 5PM
.




