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Appetizer Fienberg -Karzarkor -Mikko./him - Zhukov 19]
✗ tropical variety

→
tropical homology ftp.q-CX) 0£ p, q Ed

dim =D - cohomology HP' 9- (X)

Balancing condition→ fundamental class E)E Hd,d (X)

[X] induces a cappioont [Jell-Shan - smacka ; Jell- Rom - Shaw; Gross - Shokrieh;Amini - Piquesez]

ntx] : H
" "A) → Hap

,d.g.
(X)

.

When all one isomorphisms , say ✗ has tropical Poincare duality (or isATPDspace)

Example : Smooth tropical varieties (built outof Bergman fans of matroids )



Which tropical varieties have TPD ? ~> Which fans have TPD ?

blueing , Maya - Vietoris
EJSSIJRS;GS;AP]

For fans with TPD at all faces ( tropically smooth in IAB) :
Theorem EAD : Chow ring A-

•

(In ) = H'
•

(E) total trop . whom .

[AD] :
"
Kohler package

"

for tropical varieties builtfrom suchfans.

Theorem links tropical homology to Chow rings of tonic varieties and

motnoiols via work of EAdipro.si/-o-Hwh-kafz3 .



Plan .

1
.

Fans
, tropical (co) homology , balancing & cap product

2. Tropical Poincaré duality

3. TPD from faces and local TPD



ExamplesFans
cone

25

Its Tz

•

"

the cross
"

tsar"E = { otc N} finite .

i.
such that

1. 0-52 & c-face of o (74-0)
• Tropical line to) 71 :Xthen T.EE a

2. 0
, , EEE ⇒ oinoz C-I (9)

Write Ei={ oe -21 dim o= :}
• The Bergman fan of a matroidAll fans one assumed to be pure
[srmmfel.si Ardila - klivoms; Fichtner -Stummdimensional.

I



Tropical ( co) homology IIKMZ] Example
-5,4T¥ Let . )

The p - th multi - tangent cosheaf
%

a
,

= 4 :)>EN
Tz

• ✓

FpZ>Co),p=o, . . . ,d , is given by : Ts

• Fp4o):= PL# c- PN -5714--12>(2.1+417)+415)
018

=< I :)> +a :D -14:)>
• 1-sons co,z:Fp9o)→IpFe) =-zz=N

is the subspace inclusion . 2.

a 5-914=23Dualizing~sp-thmulri-tangefsheof.IE
03 T

5-Etc)=ÉÑ↳KilTensioning with R → FPR , SFRP or

C. 273 ¥ 2223



Tropical (cohomology has many Remark : The tropical cohomology
equivalent definitions :

groups are invariant under subdivisions.
• simplicial [Mikholkim - Zhukov ] , (if sufficiently fine , need pointed ) .• super forms EJSS]
• sheaf theoretic [MZ ; GS]
• local coefficients EIKMZ;mz] . Proposition % For tropical fans .

Here we use the cellular version TIKMZ] : µp,qy⇒={FLU 807=0

✗ rnopical variety with cellular decoys . has LO otherwise
coohain complexes :

Exompk-ipoif.EE Ñ"f2)=O0 → ☒ -57m£> ☒ File) -01> ☒ 5-%)→ . -

✓C-✗0 EEX
'

oe✗2
ewmpaitocompo.it H "°(21=5%14 H'"1-25-0

= 272
→ Tropical cohomology HPIFCX)



Tropical Borel -Moore chain complexes C.BMCE.FR) :
a> ☒J-pthco-sO-J-pk-c-m-eot.gs?pRCe)-ss--pRCv)-sooc-Id

TE-201-1

→ Tropical Borel- Moore homology HPB.mg/E):=Hq(C.BMCE,J-prD
it ÷ ? %

Example I?: o→ -5%1-10-531;) -105-71%3*-5514 -so
→ 1-1%91-4=0 1-10%1-21=27

"
• v

"

Eje; 0 → 5-fit,) -105-71-2+05=715)É"IFH→o
73 11

<Y:p a:)> <
'

I;) > still :H:b
=sl :) , (9)>

→ 1-1%91-4=0 & MY:) -1191--0=>1-1,991-4--27



Balancing condition Tropical cap product EJRS 18]
Bm (E)A fan -2 of dim ol is balanced if nt-ND.HN/- (E)→ Hotp,d. q

tree-20¥ there is a balancing : Corrector contraction :

5- '(a)✗Follo)→ Iot , G)I Wo Von = 0
eso If i do) ↳ Eflvi)yn . --min . - moi

"

using a given weightfunction W: -201→ R .

✓in . - " nva

with no zero divisors Using [Bourbaki Algebra II. 11.9] , get
Proposition Each balancing of a fan multilinear

maps :

gives a class II. > E- Hd?Ñ (E)
.

> : -5%3×-5.1 (a)→ Ffp (o)
Proof sketch : Ñ"LzH= (Nc) Moreover : ✗ c-Et

,
ce 2-

d-
% 8,7<-052

"
,

o>T: Id G) = (A-arrow> - : -5481×5.110)→ I.plz )
NWo -11-+1 ro.at#)----N--i-E.wok-c) (v. A.)t> ↳f. G.old -111.4



ñcpÉ Example

8,7405201
,
8524
,
Te 2-

d-¥ ; T,
• ✓

To 1-1010--27 1-1%4=272
T
,

H'0=272 1-1%9=22
1%5-487×5=16) → -5.1.pL⇒
gives maps in cohomology : NED : -5%114→ Ho?:(E)

11 4.1.11
Bm (E)nt-ND.HN/- (E)→ Hotpot
,

⇐ [ kerltozti →Zr)

Try
For fans, H"°t=Ofnq -1-0, only non- 8 1-> (Frith> AT:)

;

zero maps one :
BM
(z ) eine.it/eilei-eD,eYl-e,),eTfe,))nL--z,w3:tlP'9E)-Hotp

, ,
11 = ( 1

, -1,0 )-5114
Proposition EA] Ifan⇒ nl-E.ES injective . ez*nEiw]=( 1,0 ,

- 1)



2. Tropical Poincaré Duality .



Tropical Poincaré Duality . Exo-p6

A fan satisfies tropical Poincare • Tropical line

duality if
BM
(E)

• Bergman fans of matroids
n[z,w]:H

""
(E)→ Hotpot

-

of satisfy TPD over IR [Jell-

one isomorphisms for all p,q=O, - - nd
.

Show - Smacka ☒ and overt [Jell-

Rom - Shaw 18; Gross -Shoknieh] .Sufficient to check :
BM

• Hd-p.d-q.IE) =D for of -1-0

• nE,w] : HP
"

(E)→ HIP!, (E)

•

is surjective
[Babo.ee - Huh 17] Notmakoid.at.



Classification in dimension one Proof sketch :
BM

Proposition-1A] A one - dimensional balanced • Hp - p , o (E)
= ° for p=0, I is

E. w) is a TPD space iff it automatic
.

is uniquely balanced with unitweights . • Suffices to check smjedriviry of
- read : H

"
→ H

,??
Examples ¥94-

- R
"

<E. us>

1
01 IR

t b b is scalar multiplication,

✓
"

- new] : -5%1→ H%%=ka(Ñ
" "
R)

✗

srnotregy :

a. Find a nice basis for Ho?M
Unique Balancing <⇒ HP.it/--4Eii>

b. Find nice correctors contracting on Eid
ER

to hit exactly the basis from a .



3. TPD from faces and local TPD



Stars Theorem Et]

The stinks at a face JEI (Ecw) olim 01>-2 balanced for,
is the fan with support withftp.q?CI)--0forq-tol,V-p.UZ+k--Z*l-k)

risk If 8z satisfies TPDV-rt-ve.ru .

then (Env) satisfies TPD.
Tz

Note : Vanishing assumption cannot be dropped:
T

8)

(For tropical whom . → subdivide appropriately



Sketch of the proof
1. Constructa commutative diagram

2. Prove exactness in the lower now
, using the spectral sequence

associated ro a double complex .

3
. TPD on faces ⇒ vertical ismorphisms = > n EE , v3 i so .



Local TPD spaces

A fan I is a local TPD space for tropically smooth [AB) if the -2,
the stone 8z satisfies TPD .

Known examples : • Bergman fours of matroids
• Smoothness is shellable [Ap , Theorem 10.4]

theorem EAIAP] Tropical varieties built from local TRD spaces satisfy TPD .
Proof : Same protocol as [JSSIJRS]

Theorem EAP] I saturated mimadulon + local TPD ⇒ A
•

(E) H'
•

(E)
.

Theorem TAP] tropical Deligne resolution ) I uninodnlon + local TPD . ⇒ 71 .
E. 5

.

0→ 5-Plots ④ H°(E) → ☒ 1-145)→ .
.
. → ④ H"

-'

(E) → HME) →0
.

OEEP JEEP
- l eeE '



Can we classify local TPD spaces ?

Theorem EA]

R a PID, I dim d R - balanced
.

Then I is a local TPD space iff :

• ftp.q?l8z:R)--O-V8-cE&q-+d, and
• tip of cool'm 1

, Pz is a TPD space

Proof sketch: By definition
Recursively apply the previous theorem

Remark: Classification in dim 1 Edt tropical kiinneth formula Ers]
⇒ Only need

"

unique balancing
"

of codi- l faces

I



Where to
go
next ?

Question [Geometry of BM homology vanishing) .
Let (E

,
W) be on R - balanced d-dimensional fan . Can the fours

with ftp.mqlrz/--OV-r.q--d , be geometrically characterized ?

Question (Global vs local TPD)

let (E, w) be on for which satisfies TPD ones R .
Is italso locally TPD ?



Thank you !


